The transport in double-barrier heterostructures of electrons interacting with longitudinal optical phonons in the presence of parallel electric and magnetic fields is analyzed theoretically with the aid of a 3-dimensional quantum transport simulator. Inter Landau state transitions induced by LO-phonon scattering-assisted resonant-tunneling is shown to be an important process with a probability comparable to that of intra Landau state scattering. Anal- *
ysis of the current-voltage characteristics reveals also that the current peak is a periodic function of the inverse of the magnetic field, with a period dependent on the quasi-resonant energy level.
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I. INTRODUCTION
The magnetotransport phenomena 1 in multiple-barrier heterostructures in which the magnetic is applied parallel to the electric field, was first reported by Mendez, Esaki and Wang 2 . The experimental data acquired in the presence of a magnetic field exhibited abnormal features such as a shift of the onset voltage 2 , an increase of the peak-to-valley current ratio, as well as the presence of additional shoulders in the valley region of the I-V characteristics 3 . However, these observations have not been fully accounted for on a theoretical basis. This is partly due to the fact that a 3-dimensional treatment of the electron motion is required for rigorously analyzing the impact the quantization in the transverse plane has upon the longitudinal electron motion. Indeed relatively few works analyzing heterostructure devices with a magnetic field parallel to the electric field have been reported until now 4, 5 .
When the magnetic field and electric field are perpendicular to the interface plane of the composing heterostructure materials, the density of state (DOS) of the electrons in the plane perpendicular to the superlattice direction assumes discrete values corresponding to the Landau levels 6 . When the magnetic field is varied, the DOS of the electrons changes and this strongly impacts the electron motion. The resulting transmission probability and current-voltage characteristics of the heterostructure studied become then quite different from the case with zero magnetic field.
The additional shoulders observed in the valley region of the I-V characteristics in the presence of a magnetic field 3, 7, 8 have been attributed to the longitudinal optical (LO)
phonons which is one of the dominant scattering processes of electrons in the III-V semiconductor heterostructure. We present here a model of resonant-tunneling in the presence of of a magnetic field, which includes the electron-LO phonon interaction 9 , so as to account for the transition of the incident electron to different Landau states. All possible transitions, including intra-Landau state scattering will be considered in our model and numerical analysis.
The effect of the magnetic field is to quantize the energy levels of the electron into Landau levels. This is due to the fact that the projection of the helicoidal trajectory of the electron on the perpendicular plane corresponds to an harmonic oscillator. To account for the effect of this quantization on the longitudinal motion of electrons in the superlattice direction, we will develop a 3-dimensional transport model. We will then study the abnormal magnetotransport features with the aid of a 3-dimensional quantum simulator which numerically accounts for the contribution of the electron states in the perpendicular plane 10 .
The heterostructure device considered consists of an undoped Al 0.3 Ga 0.7 As / GaAs / Al 0.3 Ga 0.7 As, double barrier structure sandwiched by heavily doped n + -GaAs left and right contact layers. Our analysis only considers tunneling from electrons in the Γ valley. The Γ conduction-band edge in the absence of an applied voltage for the device studied is shown in the inset of Fig. 1 . Spin splitting in the magnetic field is ignored for simplicity. Finally in this paper we are interested in the region of operation for which we havē hw c (cyclotron frequency) ≫ kT , and our numerical calculations will be consequently performed at the low temperature of T = 4.2K and for magnetic fields up to 22 Tesla.
In section II, the 3D magnetotransport model used for electrons interacting with longitudinal optical phonons via polor scattering is introduced. The electron state is expanded in the generalized Wannier-Landau basis. Expression for calculating the device transmission coefficient and current-voltage characteristics in the presence of phonon scattering are derived. In section III, the numerical results obtained for the main abnormal magnetotransport features using the above theoretical model are presented and analyzed. Finally in the last section, a brief summary of our results is given.
II. THE TRANSPORT THEORY
A. Hamiltonian
The Hamiltonian of an electron system interacting with longitudinal optical phonons under a magnetic field in the double barrier structure is written as
where the free and interaction terms are given by
where c λ , c † λ (a q , a † q ) are respectively the destruction and creation operators for electrons (phonons) and α q is the interaction weight for the phonon wave vector q. Here λ stands for the longitudinal crystal wavevector k x and Landau level L and k y in the perpendicular plane, which results from the choice of Landau gauge 6 for the vector potential A(r) and q is the mode of longitudinal optical phonon. The LO phonons will be represented by an Einstein model with the constant phonon frequency w. The Schrödinger equation to be solved is
We expand the electron wave function in terms of generalized Wannier functions in the superlattice direction, x-direction 10,11 and Landau states in the (y, z) plane,
To solve the Schrödinger equation, we calculate the matrix elements of the Hamiltonian in the generalized Wannier-Landau basis. For the free part of Hamiltonian, we find
where
with
and w c (n) =heB/m * (n), the cyclotron frequency at the lattice site n. Here, E con (n), V app (n)
are the conduction band edge and applied voltage at the lattice site n, respectively. The band model selected consist of a tight-binding band structure in the superlattice direction and a parabolic band structure in the perpendicular plane.
Note that the transversal mass in the Hamiltonian matrix varies in the longitudinal direction. It is convenient to rewrite the Hamiltonian matrix element as
in which the position (n) dependent transversal component is now absorbed iñ
H nn ′ which depends on the perpendicular states L, incorporates the 3-dimensional effects in the longitudinal motion of the electrons.
After some algebra, the matrix element of the interaction Hamiltonian which determines the inter Landau state transitions leads to
where w is the phonon frequency, q ⊥ is the transversal part of q, and φ q is the phase of the LO phonon of mode q (for a more detailed formalism, see ref. [9] ). The coefficients α ± is given by
which corresponds to the emission and absorption of phonons, respectively. Here, ǫ 0 is the vacuum dielectric constant, and N ph is the equilibrium number of phonons. F is given as
with phonon energyhw LO = 35.3 meV and ǫ stat /ǫ opt = 1.1664 for GaAs. At liquid Helium temperature, the number of optical phonons N ph is very small, so only the emission of phonons is possible. In Eqn. (10), we introduced the coefficients
withF
are the maximum and the minimum of L and
Laguerre polynomial 1,12 .
B. The envelope equation
Using the obtained matrix elements, Eqn. (5) and (10), in the above subsection, Schrödinger equation can be reduced to the following 3-dimensional envelope equation for
where w c0 = eB/m * (0), is the cyclotron frequency at the left contact.
Let us label the quantum state of an incident electron injected at the left contact with the energy E 0 = E 0x +(L 0 +1/2)hw c0 using the quantum numbers (E 0x , L 0 , k y0 ). An electron in the incident ballistic state (E 0x , L 0 , k y0 ) which is scattered by a phonon will transit to other accessible states (E x , L, k y ) with total energy E = E 0 ±hw LO following the emission (-) or absorption (+) of a phonon. Therefore the solution of the envelope Eqn. (14) is chosen to be of the following form
where w is the phonon frequency w = w LO , f 0 is the coherent solution for the envelope equation and where f ± are the scattered waves due to absorption or emission of a phonon, respectively. After substituting this expression into the envelope equation and taking an ensemble average 10 , we arrive at
where H ± SE is the self energy due to absorption and emission of phonons. The self energy is verified to be given by
and G nm (E 1x ) is the longitudinal Green's function in the generalized Wannier basis evaluated using the relation
C. Transmission probability and current density
For an incident electron state (E 0x , L 0 ) the current entering on the left hand side and leaving the quantum region on the right hand side are respectively given by
Here the phonon-assisted current component J ±,ph is given by
In the above equations, v L and v R are the electron velocity at the left and right contact, and n R is the lattice-site index of the right contact. The transmission probability from the left to right contact is then defined as
Before calculating the current, the electron chemical potential µ(B) at the left contact corresponding to the doping density n in presence of the magnetic field B, should be determined. As is shown in Fig. 1 , the chemical potential is found to exhibit an oscillatory behavior in 1/B as the magnetic field varies. The chemical potential µ(B) in the left contact is obtained from the carrier density through the following integration relation,
where D = eB/h is a degeneracy factor in the plane perpendicular to the superlattice direction and where the Fermi-Dirac function f F D is given by
Here we have found it convenient to introduce the effective chemical potential µ ef f for the Landau sub-band L 0 which is related to the actual electron chemical potential µ(B)
according to
µ ef f can be interpreted as the effective chemical potential of the electrons in the Landau state L 0 in the presence of a magnetic field. Thus, the total current density is
where the second term in the right-hand side is the backward contribution to the total current. At very low temperatures such as 4.2 K, the current for a occupied sub-band L 0 reduces to
Therefore, the area from 0 to µ ef f of the transmission probability determines the contribution of each occupied sub-band to the total current.
III. NUMERICAL RESULTS
As mentioned above the heterostructure device considered consists of an undoped calculated for several temperatures is plotted in Fig. 1 However at the temperature of 100K, the oscillating behavior in µ disappears completely due to thermal population of all the Landau states near the Fermi energy.
In Fig. 2 , the transmission probability in a flat band (no applied voltage) is plotted for two magnetic fields of B = 10 and 20 Telsa at T = 4.2K. At this low temperature, the emission of phonons dominates since the number of phonons in the system is negligible. The peaks beyond the main peak centered at 94 meV, are phonon-assisted resonant tunneling peaks which satisfy the following energy conservation relation
where (E 0x , L 0 ) is the incident electron state and (E x , L) is the scattered state after the emission of one phonon and with ∆L = (L − L 0 ). The energy of the phonon is chosen to behw = 35.3 meV for GaAs contact layers for simplicity. A single-sequential phononemission has been assumed. This was reported to be a valid approximation in a small size system like the double barrier structure considered 3, 7 The peak indicated by ∆L = 0 in We observe in Fig. 3 and 5, the presence of small additional shoulders of almost equal width in the valley region of the current-voltage curve. These shoulders originate from that fact that the phonon-assisted resonant-tunneling peaks in the transmission coefficient are spaced byhw c above the main quasi-resonant energy peak E r .
Before discussing the impact of phonon scattering, let us first briefly describe the main effects of the magnetic field upon the current of the resonant tunneling diode (RTD) in the absence of phonon scattering. As can be seen in Fig. 3 gives the dominant contribution to the peak current. The RTD current measured at that fixed diode voltage is seen to exhibits an oscillatory behavior versus 1/B which increases in amplitude as the magnetic field is increased. The current maxima observed in Fig. 4 for the current versus B are found to occur for values B n of the magnetic field satisfying the following relation µ(B n ) − (n + 1/2)hw c0 (B n ) = E r (V D ) where the quasi-resonant level
is varying with the diode voltage. This leads to the interesting result that its periodicity versus 1/B which is approximatelyhe/m
depends on the quasi-resonant energy level E r (V D ); for a smaller value of E r , one obtains an increased oscillatory behavior in the current-magnetic field curve.
As can be seen Fig. 3 
IV. SUMMARY
In our paper we have investigated the transport of electrons interacting with LO phonons in a double-barrier heterostructure with a magnetic field applied parallel to the electric field.
The effect of the magnetic field is to quantize the energy of the electron in the perpendicular plane to the magnetic field. To account for the effects of a magnetic field applied in parallel with the superlattice direction, a 3-dimensional transport model was developed which accounts for the variation of the transverse mass and the associated variation of the cyclotron frequency across the heterostructure.
In order to determine the inter Landau state transitions in the transmission probability, all the matricesF L ′ L (q 2 ⊥ l 2 /2) for allowed phonon modes have been calculated numerically.
It was established that the inter Landau state transitions due to LO phonon scattering are as probable as intra Landau state scattering.
For a fixed diode voltage in the peak region of the RTD current-voltage curve, the RTD current versus the magnetic field was found to be a periodic function of 1/B. The current maxima have an 1/B period which is approximately given byhe/m
The dependence of this 1/B period on the quasi-resonant energy level E r (V D ) of our test double barrier structure indicates that magnetotransport can be used for the spectroscopic analysis of RTDs for diode voltages in the peak current region.
A theory and associated numerical analysis using scattering matrix elements was pre- 
